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Seismic metamaterials (SMs) show immense potential for vibration mitigation, yet challenges remain in
achieving ultra-low-frequency and broadband attenuation. This paper proposes a hierarchical SM design
incorporating auxetic foams with negative Poisson’s ratio (NPR), capable of attenuating both Lamb and surface
waves. For Lamb wave attenuation, the hierarchical NPR-based SM is developed and analyzed using the finite
element method in conjunction with the k(w) technique. Computed complex band structures reveal the presence
of evanescent modes, downward-shifted band gaps, and additional band gaps induced by hierarchical reso-
nances. For surface wave attenuation, a second SM configuration integrates a square section within the NPR-
based hierarchical unit cell, enabling the emergence of negative effective mass and the formation of contin-
uous, ultra-low-frequency band gaps below 29 Hz. Finite element simulations verify the attenuation performance
in both frequency and time domains. The analysis further elucidates how hierarchical arrangement facilitates
multi-scale resonances and how the negative effective mass mechanism suppresses surface wave modes within
attenuation zones. Time-domain simulations under seismic excitations from the El Centro and Taft records
demonstrate substantial ground motion attenuation, achieving RMS acceleration reductions of 90.93% and
84.12%, respectively, at the top of a 10-story steel frame structure. Laboratory-scale experiments further validate
these numerical results, confirming a superior suppression performance enabled by the negative effective mass
effect. These findings highlight the practical potential of hierarchical NPR-based seismic metamaterials in
enhancing the seismic resilience of large-scale infrastructure.

From the formation mechanism perspective, band gaps are generally
classified into two types: locally resonant (LR) band gaps [13-16] and

1. Introduction

Metamaterials composed of periodic unit cells exhibiting unique
band gap phenomena—frequency ranges in which wave propagation is
inhibited—have been extensively investigated over the past decades for
vibration suppression and control [1-4]. Owing to their superior effi-
ciency in attenuating vibrations, seismic metamaterials (SMs) have
emerged as a promising solution for earthquake-resistant building
design [5-8]. Unlike conventional approaches that employ mass
dampers or rubber isolators to attenuate structural vibrations [9-12],
SMs mitigate seismic risk by impeding wave propagation before it im-
pacts the building.

* Corresponding authors.

Bragg scattering (BS) band gaps [17-20]. However, the practical
application of SMs is hindered by two major challenges: the typically
narrow bandwidths of the band gaps and their relatively high operating
frequency ranges. To overcome these limitations, various strategies have
been proposed. Inspired by sound attenuation observed in jungles [21],
trees were deemed natural SMs and investigated for their ability to
reduce low-frequency vibrations [22-24]. Zhang et al. [25] proposed
SMs composed of cross-shaped and square steel sections capable of
attenuating Lamb waves below 20 Hz. Built-up structural steel sections
were also proposed to suppress low-frequency seismic waves by
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leveraging LR band gaps [26]. Gao et al. [27] combined LR and BS
mechanisms to broaden the attenuation zone. Subsequently, an
embedded SM was designed with an ultra-low-frequency band gap,
characterized by the absence of surface wave solutions in the 0-16.3 Hz
range [28]. In a more recent study, Wang et al. [29] utilized the negative
effective mass density mechanism to open a zero-frequency band gap;
however, vibrational mode analysis was not provided to substantiate
their findings. Additionally, materials with a negative Poisson’s ratio
(NPR) have attracted growing interest in SM design, due to their auxetic
behavior—lateral expansion/contraction in response to tensile/com-
pressive loading [30]. Building upon pioneering efforts that used NPR
foams to suppress Lamb waves [31] and surface waves [32], Li et al. [33]
developed NPR-based SMs capable of achieving ultra-wide, low--
frequency attenuation for both wave types. Nonetheless, several
advanced strategies that have been widely explored in conventional
metamaterials to widen bandwidths in the low-frequency domain
remain underexplored in SMs, including the incorporation of non-
linearities [34-37], the acoustic black hole effect [38-41], and struc-
tural hierarchy [42-45].

Natural materials such as wood and bone have evolved over millions
of years to exhibit extraordinary mechanical properties tailored to their
environmental conditions. One of the key contributors to these excep-
tional properties is their hierarchical micro-structural organization [46,
471, which has drawn significant interest. Hierarchically structured
materials demonstrate enhanced attributes, including a favorable com-
bination of light weight and high stiffness [48], superior damage
tolerance [49], and high energy absorption capacity [50]. Zhang et al.
[51] were among the first to apply hierarchical design in metamaterials,
successfully generating additional band gaps. Since then, hierarchical
metamaterials have been explored for vibration attenuation and energy
absorption [52]. A bioinspired honeycomb hierarchical metamaterial
was designed to suppress elastic waves at subwavelength scales [53],
and lightweight hierarchical designs were developed to produce multi-
ple wide band gaps in the high-frequency regime [54]. Jing et al. [55]
analyzed band gaps in hierarchical phononic crystals and categorized
them based on vibration patterns. Despite these advances, the applica-
tion of hierarchical design in SMs remains limited. Miniaci et al. [56]
proposed the first hierarchical SM; however, the resulting band gaps
were narrow and sporadically distributed. More recently, a hierarchical
SM for multidirectional wave suppression was reported [57], yet the
study lacked a detailed analysis of band gap formation mechanisms and
time-domain validation.

Current SM research predominantly relies on the finite element (FE)
method [58-62] to compute the dispersion relations of propagating
waves. However, evanescent waves, which play a crucial role in mode
conversion, are always neglected in such analyses. To address this lim-
itation, the k(w) technique in the plane wave expansion (PWE) method
[63] offers a viable approach for capturing these overlooked wave
components. When integrated with the FE framework, the k(®w) method
enables the characterization of the relationship between real frequencies
and complex wave numbers in periodic structures [64-67]. In the con-
ventional w(k) approach, eigenvalue problems are solved for unknown
frequencies () at given real wave numbers (k), yielding only real band
structures. In contrast, k(w) technique adopts an inverse formalism, in
which wave numbers (k) are computed for given real frequencies (w).
This formulation facilitates the derivation of complex band structures,
where evanescent waves appear and serve to connect propagating
modes at the boundaries of attenuation zones [68]. As a result, complex
band structures offer critical insights into the transition between prop-
agating and non-propagating wave modes and reveal the physical
mechanisms underlying band gap formation [42,69].

Another essential aspect of SM research is the validation of wave
attenuation. Wang et al. [70] conducted a laboratory-scale experiment
employing foam pads and cardboard to impose low boundary condi-
tions. A more recent experimental study [71] detailed the fabrication
process of NPR-based SMs; however, significant discrepancies were
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observed between the experimental and FE simulation results. More-
over, classical seismic wave data, such as the Taft and El Centro records
from the PEER Ground Motion Database, are often used in time-domain
simulations for validation [72-75]. While comparisons of ground ac-
celerations before and after SM implementation demonstrate attenua-
tion effectiveness, the structural response of buildings is seldom
considered. For instance, Wen et al. [76] proposed a multi-resonator
elastic metamaterial with the basement acting as the SM. While real
earthquake signals were used to compare top-floor displacements, the
seismic influences on buildings were not convincingly demonstrated, as
the building was oversimplified.

To address the aforementioned research gaps, this study proposes a
hierarchical SM that integrates the auxetic foam (abbreviated as “NPR-
based” in later sections) and negative effective mass density mechanisms
for ultra-low-frequency and broadband seismic vibration attenuation. In
this study, the term ‘NPR’ refers to the intrinsic negative Poisson’s ratio
of the auxetic foam used as the coating material of the unit cell, rather
than the effective Poisson’s ratio of the overall metamaterial structure. A
FE model based on the k(w) technique is developed to comprehensively
characterize band gap formation and the underlying mechanisms.

This paper is structured into four sections. Following the introduc-
tion in Section 1, Section 2 details the geometry and material properties
of the proposed SM for Lamb wave attenuation, along with the imple-
mentation of the FE method for complex band structure analysis. Band
gap formation is discussed by analyzing complex band structures and
vibrational modes, followed by a frequency-domain transmittance
analysis. Section 3 presents the wave suppression efficiency of SM under
surface waves, along with the frequency- and time-domain analyses,
with particular emphasis on its practical implications for structural en-
gineering. A laboratory-scale experimental study is conducted following
parametric analysis. Finally, Section 4 summarizes the key findings and
highlights the primary advantages of the proposed hierarchical SM.

2. Wave suppression for lamb wave

Seismic waves arise from the superposition of bulk and surface waves
propagating in complex near-surface environments. In layered media,
seismic energy may become partially confined within a finite-thickness
layer, giving rise to guided wave modes whose dispersion characteristics
can be well approximated by Lamb waves. Although Lamb waves are
based on an idealized plate model, they provide a useful and widely
adopted framework for analyzing near-surface guided wave propaga-
tion. Accordingly, Lamb waves are employed in this work as an idealized
benchmark to elucidate the attenuation mechanisms of the proposed
seismic metamaterial, prior to extending the analysis to physically
realistic half-space surface waves. This section presents a comprehensive
overview of the structural design and computational methodology
employed to obtain the complex band structure of the proposed SMs for
Lamb wave attenuation. Further, a frequency-domain transmittance is
calculated to validate Lamb wave attenuation efficiency.

2.1. Models and methods

Fig. 1 illustrates the schematic of the proposed NPR-based hierar-
chical SMs. The NPR-based single unit cell and the rubber-based hier-
archical unit cell are shown in Fig. 1(b) and (d), respectively. The unit
cell (Fig. 1(b)), representing the first hierarchical level, has a length of
Lo, whereas the unit cell depicted in Fig. 1(c), corresponding to the
second-level hierarchical configuration, has a length of L. The outer side
lengths of the steel filler and the concrete core are denoted by Ly, and L.,
respectively. The thickness of the auxetic foam can be calculated as (L, -
Lp)/2. The height t remains constant across all SM configurations.

As mentioned before, the FE method employing the k(w) technique
can be used to compute the complex band structure of periodic struc-
tures. Assuming the SM extends infinitely, Bloch’s theorem is applied to
account for structural periodicity. The computation is performed using a
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Fig. 1. Schematic of (a) first irreducible Brillouin zone, and proposed SMs for Lamb wave suppression: (b) an NPR-based unit cell, representing first hierarchical level
in (c) an NPR-based hierarchical unit cell with two hierarchical levels, (d) a rubber-based hierarchical unit cell.

corresponding FE model established within the Partial Differential
Equation (PDE) module of the commercial software COMSOL Multi-
physics. The governing PDE is expressed as follows:

eN°U — d,A*U ~V-(c: VU+a-U—y) +b-U— VU=, (@)

where e, and d,, denote the mass and damping coefficients, respectively.
a and f are the conservative flux convection coefficient and convection
coefficient, respectively. ¢ and b represent diffusion and absorption co-
efficients. y is the conservative flux source term, and f is the source term.
A represents the eigenvalue, and U is the eigenmode corresponding to A.

According to Bloch’s theorem, any translation along the lattice
constant a in the periodic plane is also periodic,

y(r) = e*U(r) = ey (NU(r +a), )

where ¥(r) denotes the periodic coordinate. Considering a harmonic
wave propagates in the elastic solid without damping and source term,
the Bloch wave can be written as:

Pu_,

V-[C(r) : V] —,o(r)a—t2 =

3
where u is the displacement. C(r) and p(r) represent the elastic tensor
and mass density tensor of a position vector r, respectively. Combining
Egs.(2) and (3), the inverse formalism of the eigenvalue problem can be
written as:

(V +ik)-pu(r)(V + ik)ug(r) + (V +ik)-[u(r)(V + ik)ui (r)]

+(V +ik) AN (V + ik)we(r) + p(r)@*ug(r) = 0. @

As the eigenvalue A = - ik, the coefficients in Eq. (1) can be calcu-
lated correspondingly:
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In the above equations, 4 and p represent the first and second Lame
constants, respectively. While the complex band structure can be ob-
tained by selecting the eigenvalue A and sweeping the frequency w of
interest, the real dispersion relation can be computed using the Struc-
tural Mechanics (Solid) module in COMSOL by sweeping the real wave
numbers along the M-I'-X-M path in the first irreducible Brillouin zone,
as shown in Fig. 1(a).

2.2. Band structures and band gap formation mechanisms

Table 1 lists the material parameters used for the proposed SMs. The
corresponding geometric parameters are: L = 1.125m, L, =0.5m, L, =
0.45 m, L. = 0.35 m, and t = 0.2 m. Fig. 2 presents the dispersion re-
lations of the SMs configurations shown in Fig. 1, with band gaps
highlighted in light blue. Notably, the frequency spectrum can be
categorized into main propagative and attenuative regions, with the
band gaps corresponding to attenuative zones and the remaining fre-
quency ranges with real solutions indicating propagative regions [42].
This distinction is particularly evident in Fig. 2(b) and (c), where
propagative and attenuative regions appear in an alternating manner.

Table 1
Material parameters of proposed SMs.
Material Young’s modulus (Pa) Poisson’s ratio Density (kg/m>)
Auxetic foam 2.5 x 10* -0.8 120
Rubber 1.05 x 10° 0.47 1300
Steel 2.07 x 10* 0.3 7850
Concrete 4 x 10 0.3 2500

Soil 2 x 107 0.3 1800
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Fig. 2. Band structures of proposed SMs. (a) NPR-based SM with length of L, showing no band gaps below 14 Hz. (b) NPR-based SM with length of L showing no band
gaps below 6 Hz. (c) Hierarchical NPR-based SM exhibiting three main low-frequency attenuation regions ([1.09, 2.40] Hz, [3.10, 5.73] Hz, [6.05, 6.60] Hz),
demonstrating effective low-frequency vibration suppression. (d) Rubber-based hierarchical SM with discontinuous and fragmented attenuation regions.

As depicted in Fig. 2(a) and (b), the single NPR-based SMs with the
length of L, and L do not exhibit any band gaps below 14 Hz and 6 Hz,
respectively. In contrast, the hierarchical NPR-based SM displays three
main attenuative regions in the low-frequency range, covering the fre-
quency ranges [1.09, 2.40] Hz, [3.10, 5.73] Hz, and [6.05, 6.60] Hz.
This suggests that hierarchical arrangement is effective in suppressing
the low-frequency vibration. Furthermore, comparing Fig. 2(b) and (c)
reveals that the rubber-based SM generates a greater number of
dispersion curves, corresponding to propagating waves between the
band gaps. Although the first attenuation region in the rubber-based SM
spans 2.79 Hz, which is wider than the 1.31 Hz span of the first atten-
uation region in the NPR-based SM, the attenuation zones in Fig. 2(b)
appear more continuous and better connected across the frequency
spectrum. This indicates that the NPR-based SM supports broader and
uninterrupted broadband attenuation, thereby enhancing broadband
vibration suppression.

The complex band structures obtained using the FE method with the
k(w) technique are presented in Fig. 3. In the imaginary part of the
complex band structure calculated from the PDE module for the NPR-
based SM with the length of L, (Fig. 3(a)), an evanescent mode branch
that connects the upper and lower boundaries of the band gap (points A
and B) is observed. A similar evanescent mode is observed in Fig. 3(b),
linking points C and D. However, the complex band structure of the
NPR-based hierarchical SM, depicted in Fig. 3(b), exhibits a more
intricate pattern, with multiple branches of evanescent modes con-
necting band gaps. This complexity suggests that introducing hierar-
chical resonant elements at different scales leads to the formation of
additional band gaps. Further insights are provided by the vibrational
modes E and F, shown in Fig. 4, which reveal that only the connecting
regions between the single elements undergo vibration. These

max

juawade|dsig

min

Fig. 4. Vibration modes of NPR-based single and hierarchical SMs of six points
in Fig. 3.

connections, absent in the non-hierarchical SM, function as additional
resonators in the hierarchical configuration. Their presence introduces
new localized resonances, thereby contributing to the formation of extra
band gaps. As depicted in Fig. 4, mode A exhibits edge vibrations around

(a) (b) = (c)
80

g g g

El g ]

g g 40 g

& I i
20

1
Real(k) Imag(k)

Imag(k) Real(k)

Imag(k)

Real(k)

Fig. 3. Complex band structures of proposed SMs obtained using the FE method with the k() technique. (a) NPR-based SM showing an evanescent mode connecting
the upper and lower band gap boundaries. (b) NPR-based hierarchical SM exhibiting multiple evanescent branches linking band gaps. (c) Enlarged view of (b)

highlighting the intricate pattern of hierarchical resonant modes.
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the unit cell, while mode B demonstrates out-of-plane motion. Mode C
resembles mode A, with corner-localized vibrations, whereas mode D is
analogous to mode B but involves all four single elements vibrating
simultaneously. This collective motion results in a larger effective
inertia than mode B of the non-hierarchical element, thereby causing a
downward shift in the resonant frequency. In essence, the hierarchical
design modifies the mass-to-stiffness ratio and introduces new localized
resonant modes, both of which promote the formation of new band gaps
and reduce their corresponding frequencies.

To further assess the wave suppression performance of the proposed
SMs, transmittance is calculated as the ratio of the output to the input,
defined as the magnitude ratio of the response displacement Wy, to the
excitation displacement Wip:

© = 20108, (|Wou / Win))- (10)

Fig. 5(a) depicts the input and output lines on the layout of SMs
composed of 10 x 6 unit cells, with wave excitation propagating along
the x-direction. Perfectly matched layers (PML) are applied on the edges
to absorb outgoing waves and emulate an infinite medium. Theoreti-
cally, a band gap is defined as the frequency range where the trans-
mittance falls below 0 dB. However, relying solely on this criterion can
be misleading, as sudden impedance mismatches at the interface be-
tween the soil and SMs may induce partial wave reflections, even outside
band gaps, thereby reducing transmittance amplitude [77].

For reference, the main attenuative region identified from the band
structure in Fig. 2 is shaded in Fig. 5(b), which depicts the transmittance
curves of the proposed SMs. Since each hierarchical SM unit cell com-
prises four single unit cells, the transmittance of the NPR-based SM is
evaluated for both 10 x 6 and 20 x 12 configurations. Although the
transmittance occasionally falls below 0 dB outside the predicted band
gaps, the main attenuative regions closely align with the valleys in the
transmittance curves for both the NPR-based non-hierarchical and hi-
erarchical SMs. By contrast, the rubber-based hierarchical SM shows
poor alignment between its transmittance curve and the expected
attenuation region, which can be attributed to the larger number of
propagating modes between band gaps, as discussed in Fig. 2.

Moreover, due to the x-directional excitation, directional band gaps
also contribute to the transmittance valleys, notably between 3-8 Hz in
Fig. 5(b). Overall, the NPR-based hierarchical SM exhibits lower trans-
mittance than both the rubber-based hierarchical and the NPR-based
SMs, along with a greater number of attenuation regions, clearly
demonstrating its superior vibration suppression performance.

3. Wave suppression for surface wave
In addition to Lamb waves studied in the previous section, surface

waves represent another critical type of seismic waves propagating in a
half-space medium and are often the primary cause of severe structural

(a) Input line

< l
S

X Output line
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damage. This section evaluates the wave suppression efficiency of the
NPR-based hierarchical SM with the negative effective mass effect. Both
frequency-domain and time-domain analyses are conducted, with
particular emphasis on the practical implications for a steel frame
structure.

3.1. Model and methods

The concept of negative effective mass effect was first introduced in
the context of an infinite lattice system [78], and was later demonstrated
by Wang et al. [29] in SMs using a simplified mass-spring lattice model.
According to Newton’s second law, the equilibrium equation for the nth
unit cell can be expressed as:

K(tup 1 — ) — K(Uuy — Uny1) — Gu, = —ma*uy, an

where K and G denote the spring stiffness in horizontal and vertical
directions, respectively. Additionally, substituting Eq. (2) into Eq. (11)
yields:

ma? — G = 4Ksin2%. 12)

Thus, the effective mass can be expressed as:

2
—@)., a3)

G

Moy =M — 5 = m(l i
with a cut-off frequency of wy = /G/m. Based on Eq. (13), we propose
an NPR-based hierarchical SM with a square section embedded in soil.
This design enhances stiffness G while maintaining the mass m, thereby
achieving the negative effective mass effect. Fig. 6(b) illustrates the
configuration of the proposed SM for surface wave attenuation, while
Fig. 6(c) presents a comparable SM without the square section for later
comparison. Since surface waves propagate in a half-space, a soil sub-
strate with a thickness of 10L is placed beneath the SMs, which is suf-
ficiently large relative to the wavelength of interest [79], and a
steel-made square section is incorporated with a thickness of t, = L, -
Ly, as shown in Fig. 6(a). The height of the steel section is set to 5L to
ensure an effective enhancement of stiffness G. Fixed boundary condi-
tions are applied at the bottom of the unit cells, and Bloch’s periodic
boundary conditions are imposed on the lateral sides, as illustrated in
Fig. 6. The other geometric and material parameters are the same as
those in Fig. 1.

Furthermore, the sound cone method [80] is utilized to distinguish
surface wave modes from body wave modes in the band structure.
Specifically, surface wave modes lie within the sound cone, whereas
body wave modes appear outside it. The sound cone curve is defined as:

_ ke

soil
f=m, (14)

(b) o

-800 .

5

Transmittance (dB)

Rubber Hierarchical 6x10

—— NPR Hierarchical 6x10|

0 5 10 15 20
Frequency (Hz)

Fig. 5. Frequency-domain analysis of SMs. (a) SM layout containing 10 x 6 unit cells with PML boundaries; waves propagate along the x-direction. (b) Transmittance
curves of four SM configurations, with shaded regions indicating band gaps identified from the band structure analysis.
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Fig. 6. Schematics of proposed SMs for surface wave suppression: (a) cross-sectional view of (b) an NPR-based hierarchical unit cell with a square section; (c) an

NPR-based hierarchical unit cell; and (d) cross-sectional view of (c).
where k = /K% + k§, shear wave velocity in the soil ¢} ; = W

3.2. Frequency domain validation

Fig. 7 presents the band structures of the proposed SMs, with the
sound cone plotted in red. The region outside the sound cone is shaded
in light red, while full band gaps are highlighted in blue. Consistent with
the SMs designed for Lamb wave suppression discussed in earlier sec-
tions, the NPR-based hierarchical SM shifts the operational frequency
range of the non-hierarchical SM toward lower frequencies. Compared
to the NPR-based SM, the hierarchical design shown in Fig. 7(b) exhibits
more full band gaps, spanning the frequency ranges of [0, 2.22] Hz,
[6.99, 7.37] Hz, [10.01, 10.08] Hz, and [26.04, 28.15] Hz. It is worth
noting that a band gap in the frequency range of 19.70-21.79 Hz is
observed in Fig. 7(a) but appears to vanish in the hierarchical SM. Its
apparent disappearance arises from the emergence of a deaf dispersion
branch in Fig. 7(b), which obscures the visual identification of the band
gap, even though the band gap still exists. This phenomenon is further
examined and clarified in the subsequent transmittance analysis.

(a)
40

w
o

20

Frequency (Hz)

For comparison, the band structure of the rubber-based hierarchical
SM is plotted in Fig. 7(c). Although it generates multiple band gaps, this
configuration also allows more surface wave modes between the atten-
uation zones than the NPR-based design. In contrast, the hierarchical SM
with a square section, as shown in Fig. 7(d), exhibits a continuous and
complete band gap, entirely free of surface wave modes within the
sound cone. Therefore, the term ultra-wide SM is used hereafter to refer
to this configuration for brevity. The vibration modes corresponding to
four representative points in Fig. 7(d) are illustrated in Fig. 8. At points B
and C, it can be noted that wave energy is primarily concentrated in the
half-space, whereas at points A and D, vibrations are predominantly
confined near the surface. This difference in vibration patterns suggests
a gradual attenuation of vibration as it propagates from the surface into
the underlying soil.

Fig. 9 shows the schematic diagram of the SM configuration used for
frequency- and time-domain simulations, consisting of 30 unit cells.
PMLs with a thickness of 3L are applied to the bottom and lateral
boundaries, while periodic boundary conditions are imposed in the out-
of-plane direction. It is important to note that for the time-domain
analysis, low reflection boundary conditions are used in place of PMLs

(c) (d)

~
/;/j

7/ A\
=\
7))/

i ‘\\

Wavenumber k Wavenumber k

rr X M I' I’ X M r

Wavenumber k Wavenumber k

Fig. 7. Band structures of proposed SMs. The sound cone is shown in red, with the region outside shaded light red, and full band gaps highlighted in blue. (a) NPR-
based SM, (b) NPR-based hierarchical SM, (c) rubber-based hierarchical SM, and (d) NPR-based hierarchical SM with a square section (ultra-wide SM), demonstrating

enhanced low-frequency vibration suppression and broader full band gaps.
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Fig. 8. Typical vibration modes of ultra-wide SM at four points marked in Fig. 7(b).
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Fig. 9. Schematic of the SM system for frequency- and time-domain analyses. (a) Finite-length SM with 30 unit cells, PMLs applied at the bottom and lateral
boundaries. (b) Steel frame structure with output detector #1 at the bottom and output detector #2 at the top.

[71]. The excitation is applied at the input line, located 12L away from
the SMs, to ensure that only surface waves reach the SM system. Two
output detectors are placed: one on the right side of the domain, as
shown in Fig. 9(a), and the other at the top of the steel frame structure,
as shown in Fig. 9(b). It should be noted that detector #1 provides the
primary and objective evaluation of the SM’s wave mitigation perfor-
mance, as it directly reflects wave attenuation independent of any

structural configuration, whereas detector #2 serves only as a reference
case to illustrate the potential reduction in structural response for a
representative building configuration. The transmittance 75 of the pro-
posed SMs is defined by the amplitude reduction factor A;, based on the
average displacement U within the area S of detector #1:
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Fig. 10. Frequency-domain analysis of proposed SMs. (a) Band structure of the NPR-based hierarchical SM along the I'-X path, highlighting the directional band gap.
(b) Transmittance curves of the three SMs below 29 Hz. (c) Band structure of the rubber-based hierarchical SM along the I'-X path, showing discontinuous directional

band gaps. (d) Vibration modes at the upper and lower edges of the directional band gap for the NPR-based hierarchical SM. (e) Corresponding vibration modes at the
upper and lower edges of the directional band gap for the rubber-based hierarchical SM.
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Uwith

I’
Uwithout

S
7, = 20 x log (é/ A,dx). (16)
0

Furthermore, when the vibration energy spreads over a wide spec-
trum, another essential criterion for evaluating the effectiveness of vi-
bration suppression is the average transmittance 7,y [16], defined as:

A= (15)

1

Tavg =
Wp — WA

wp 1 M .
/ (o) = S [e(o +ibo) o, a7

WA i

where M = (wg — wa) /Aw. Aw is the sampling frequency interval over
the specified frequency range [wa, wp]. A smaller average transmission
Tavg signifies a stronger vibration suppression ability.

Fig. 10 presents the transmittance curves of the proposed SMs below
29 Hz, corresponding to the upper frequency limit of the attenuation
zone defined by the sound cone curve. For reference, the band structures
along the I'-X path are shown in Fig. 10(a) and (c), where directional
band gaps are clearly identified. Although no full band gaps can be
observed in Fig. 7(b) or (c) within the 15-20 Hz range, multiple
dispersion branches along the I'-X path give rise to the directional band
gap, as highlighted in Fig. 10(a) and (c). Fig. 10(d) and (e) display the
vibration modes at the upper and lower edges of these directional band
gaps. The horizontal resonance is found at Az and C4, which cannot
suppress the surface wave, suggesting this dispersion curve is deaf.
Vertical resonance is evident across other cases, indicating strong
coupling with surface waves. At the upper boundary frequencies (A and
Cs), local bending and torsional modes dominate the unit cell response.
In contrast, the lower boundary frequencies (A;, C;, and Cy) are char-
acterized by more pronounced vertical vibration modes. It is worth
noting that the band gaps observed in the transmittance curve shift
slightly toward lower frequencies compared to those in the band struc-
tures. This discrepancy is primarily attributed to the assumption of
infinite periodicity in band structure computations, a condition that
cannot be fully realized in transmittance simulations.

The 7,vg values for the NPR-based hierarchical, the rubber-based
hierarchical, and the ultra-wide SMs are calculated to be -13.18 dB,
-13.60 dB, and -14.27 dB, respectively. Although the rubber-based hi-
erarchical SM exhibits a slightly lower 7,y than the NPR-based hierar-
chical SM, its attenuation zones are less continuous, as shown in Fig. 10
(b). This discontinuity is attributed to the presence of additional
branches within the sound cone in Fig. 10(c). While both NPR-based and
rubber-based hierarchical SMs show strong attenuation in the 15-20 Hz
range, the ultra-wide SM demonstrates superior vibration suppression
performance in the lower frequency range of 5-15 Hz. Furthermore, its
lower 74y across the frequency range of interest confirms the effec-
tiveness of the band gap induced by the negative effective mass mech-
anism in achieving broadband vibration suppression.

@8 (b)
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The displacement fields at three representative frequencies marked
in Fig. 10(b), 8.1 Hz (B1 and B4), 12.4 Hz (B2 and B5), and 18.6 Hz (B3
and B6), are presented in Fig. 11. At 8.1 Hz, both the ultra-wide SM and
the NPR-based hierarchical SM exhibit transmittance values below 0 dB;
however, they attenuate vibrations through different mechanisms in the
low-frequency domain. In By of Fig. 11(a), vibrations primarily propa-
gate into the half-space, while in B4 of Fig. 11(b), significant vibrations
are concentrated within the SM structure. Furthermore, in Bs of Fig. 11
(b), the wave traverses the SM array while inducing substantial internal
vibrations within the unit cells, suggesting that the NPR-based hierar-
chical SM attenuates vibration through internal resonance and energy
dissipation. In contrast, at a higher frequency in Bg of Fig. 11(b), surface
waves deflect upon interacting with the SMs and convert into body
waves propagating at approximately a 45-degree angle into the soil. A
similar wave transformation is observed at lower frequencies in By, By,
and B3 of Fig. 11(a), indicating that the ultra-wide SM attenuates seismic
waves by redirecting the propagation path and dispersing energy into a
more compliant medium, such as the surrounding soil. This behavior
suggests that within the band gap induced by the negative effective mass
mechanism, wave propagation is inhibited, causing the waves to become
evanescent and either reflected or rapidly attenuated.

3.3. Time domain validation

While the preceding sections demonstrated the wave attenuation
performance of the proposed SMs under harmonic excitation, real
earthquakes are inherently non-harmonic. Therefore, time-domain
validation is conducted using real seismic records, as illustrated in the
layout of Fig. 9. Two representative earthquake signals, El Centro and
Taft, obtained from the PEER Ground Motion Database, are employed as
input excitations. To evaluate the effectiveness of seismic protection for
structures, a 10-story steel frame building with a length of 5L and a
width of L is positioned above output detector #1, as shown in Fig. 9(b).

Fig. 12 presents the seismic wave attenuation results for detector #1
(ground level) in both the time domain and the corresponding Fourier
spectra for the El Centro and Taft earthquake records. As the most
intense vibration occurs within the first 30 seconds of both records, only
this portion is considered in our analysis. As shown in Fig. 12(a) and (b),
the ultra-wide SM demonstrates significant effectiveness in acceleration
suppression in the time domain for both seismic records. In the fre-
quency domain, the amplitude response of the model incorporating the
ultra-wide SM notably decreases beyond 2.6 Hz, which corresponds to
the frequency at which transmittance drops below 0 dB in Fig. 11(b).
Furthermore, while the NPR-based hierarchical SM demonstrates
slightly lower suppression efficiency in the time domain, it outperforms
the ultra-wide SM in attenuating spectral amplitudes within the 15-20
Hz range in the Fourier spectra of Fig. 12(a) and (b), consistent with the
results from the frequency-domain analysis.

To further evaluate the seismic protection provided to the building

jJuawade|dsig

max

min

Fig. 11. Displacement fields at three representative frequencies (8.1 Hz, 12.4 Hz, and 18.6 Hz) for the two SM configurations, illustrating surface wave redirection
and body wave conversion: (a) ultra-wide SMs and (b) NPR-based hierarchical SMs.
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Fig. 12. Seismic wave attenuation at detector #1 (ground level) achieved by proposed SMs illustrated in the time domain and corresponding Fourier spectra, for

earthquake excitations from (a) El Centro record and (b) Taft record.

by the proposed SMs, detector #2 is positioned at the top of the building,
as shown in Fig. 9(b). The corresponding acceleration responses and
their Fourier spectra are presented in Fig. 13. Both the NPR-based hi-
erarchical SM and the ultra-wide SM exhibit significant reductions in
acceleration, validating their effectiveness in vibration suppression. To
quantitatively assess this performance, a reduction ratio is defined asa =
(RMSWithout _ gvisWith) /RMSWithout . 100%, where RMS denotes the
root-mean-square acceleration at the top of the building. It is worth
mentioning that the upper floors undergo significantly larger sway than
the base, and the acceleration measured at detector #2 naturally ex-
ceeds that at detector #1. The NPR-based hierarchical SM demonstrates
greater reduction effectiveness under the El Centro record than under
the Taft record. For both El Centro and Taft seismic waves, the building
protected by the ultra-wide SM achieves higher reduction ratios
(90.93% and 84.12%) than the NPR-based hierarchical SMs (84.60%
and 75.60%). These results further demonstrate that the negative
effective mass effect enhances seismic protection in practical structural
applications.

3.4. Parametric study

Based on the previous analysis, the influences of section height and
the location of the protected building are investigated in detail. Unless

otherwise specified, the default geometric and material parameters are
the same as those listed in Table 1.

3.4.1. Influence of steel section height

As discussed in earlier sections, the steel section shown in Fig. 6
enhances stiffness and thus promotes the realization of the negative
effective mass effect. However, as shown in Figs. 10(b) and 12, the
proposed SMs do not exhibit pronounced attenuation in the 0-5 Hz
range. To address this limitation, the section height becomes a critical
factor governing the onset frequency of effective suppression. Fig. 14
depicts the evolution of band structures and transmittance curves as the
normalized section height H, (H, = H./L) varies from 0.5 to 10. When H,
= 0.5, the NPR effect and the negative effective mass mechanism act
synergistically to produce a wider first band gap (0-2.8 Hz) compared
with the configuration without the steel section, as well as a broader
second band gap. Surface wave modes remain within the sound cone for
H, = 1. In this case, besides the band gap below 24 Hz, a directional
band gap also contributes to the attenuation zone between 25 and 29 Hz,
as indicated by the light-blue shading in the transmittance plot. As the
section height, and thus stiffness, increases, the wave modes gradually
shift toward higher frequencies. As illustrated in Fig. 14(a), increasing
the section height causes surface-wave modes to gradually shift upward
in frequency, merge with body-wave branches, and eventually vanish
within the sound cone. This behavior corresponds to the frequency
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Fig. 13. Acceleration responses at detector #2 (top of the structure) in the time domain and corresponding Fourier spectra, based on (a) El Centro and (b) Taft
seismic records. Ultra-wide SM achieves higher reduction ratios (90.93% and 84.12%) than NPR-based hierarchical SM (84.60% and 75.60%), demonstrating su-

perior seismic protection performance.
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Fig. 14. Influence of normalized section height H, = H./L on seismic attenuation performance: (a) band structures showing upward shifts and eventual disap-
pearance of surface wave modes within the sound cone as stiffness increases, and (b) corresponding transmittance curves illustrating enhanced low-frequency

suppression.

interval in which the negative effective mass mechanism dominates,
thereby extending the upper bound of the associated band gap from 24
to 29 Hz. Correspondingly, the wave suppression capacity improves
with section height, as reflected by 7,y values of -10.18 dB, -15.26 dB,
-15.73 dB, and -15.62 dB across the last four scenarios. Moreover, in the
ultra-low frequency range, the wave suppression performance becomes
more pronounced, as shown in Fig. 14(b). Specifically, the onset fre-
quency at which the transmittance falls below 0 dB shifts toward 0 Hz,
indicating enhanced attenuation capability.

3.4.2. Influence of spatial placement

Fig. 15 illustrates the influence of the normalized distance L, be-
tween the SM system and the protected steel frame structure on the
transmittance curves and reduction ratio under the El Centro and Taft
seismic records. The normalized distance L, is defined as Ly = L4/L,
where Ly denotes the actual spatial distance between the SM system and
the building, as shown in Fig. 9. When the structure is positioned close to
the SM system, low-frequency suppression is enhanced, as evidenced by
lower transmittance values in Fig. 15(a). By contrast, for frequencies
above 10 Hz, suppression is more effective when the building is located
farther from the SM system. Fig. 15(b) shows the corresponding varia-
tion in RMS acceleration and its reduction ratio at the building top.
Despite minor fluctuations, the overall trend indicates that smaller L,

values yield lower RMS acceleration and higher reduction ratios, con-
firming that closer SM placement enhances seismic protection under
both earthquake records. These observations suggest that the optimal
placement of SMs depends on the dominant frequency content of the
input seismic wave. In particular, shorter distances are more effective for
mitigating low-frequency vibrations, while longer distances allow high-
frequency components to dissipate more efficiently before reaching the
structure.

3.5. Experimental validation

To further validate the theoretical predictions, a laboratory-scale
prototype consisting of 5 x 2 unit cells was fabricated using 3D print-
ing and subsequently coated with rubber sheets. Polylactic Acid (PLA)
was chosen as the printing material owing to its ease of processing and
cost-effectiveness. Since the influence of NPR materials on the perfor-
mance of the seismic metamaterial has already been experimentally
demonstrated [71], the present experiment focuses on validating the
two additional mechanisms considered in this work: (i) the negative
effective mass effect, examined through comparisons between
ultra-wide and rubber-based SMs, and (ii) the role of hierarchical to-
pology, assessed by comparing single-element and hierarchical SM
configurations. For compatibility with the laboratory environment, the
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Fig. 15. Influence of normalized distance L, = Lq/L between SM system and protected steel frame structure on seismic attenuation performance: (a) transmittance
curves showing enhanced low-frequency suppression at smaller Ly, (b) corresponding RMS acceleration and reduction ratio under El Centro and Taft seismic records.
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Fig. 16. Experimental setup for vibration testing of ultra-wide, hierarchical, and single SM prototypes. Excitations are applied at the top by a signal generator, while
responses are measured by a geophone at the bottom and recorded with an oscilloscope.

prototype dimensions were set as follows: L = 0.1125 m, L, =0.05 m, L},
=0.045m, t =0.1125 m, and H, = 0.1125 m.

The experimental setup is shown in Fig. 16. A broadband excitation
covering 5-250 Hz was generated using a signal generator (Rigol
DG1022). A pair of geophones (GDH-4.5) was used to induce and detect
vibrations, with the signals recorded by an oscilloscope (Tektronix
MSO044). The soil container, measuring 73 x 30 x 40 cm?®, was filled
with Ottawa 2030 sand to a depth of 30 cm. Its inner surfaces were lined
with acoustic panels to minimize wave reflections. Ultra-wide SMs
(white) and rubber-based SMs (yellow) were fabricated via 3D printing.

The transmittance curves, calculated using Eq. (16), are presented in
Fig. 17(b). When compared with the FEM predictions (the upper panel of
Fig. 17(b)), the experimental results show good overall agreement,
although the measured transmittance values are generally lower. This
discrepancy is primarily attributed to the pore spaces in the moist sand

(a) 70Hz (b) FEM

layers. As shown in Fig. 16, the container width slightly expands due to
sand settlement, making it difficult to achieve perfect compaction.
Consequently, greater energy dissipation occurred in the experiment,
resulting in lower output responses and thus reduced transmittance
compared with FEM simulations.

Despite these differences, the experimental results in the lower panel
of Fig. 17(b) clearly demonstrate the enhanced vibration suppression
achieved by the ultra-wide SM compared with the rubber-based SM, and
the superior performance of the hierarchical configuration relative to
the single-element design. The single-element SM exhibits the weakest
vibration suppression performance, as the tested frequency range lies
outside its band gap. The ultra-wide SM consistently achieves deeper
attenuation across a broader frequency range, whereas the rubber-based
SM provides moderate suppression with narrower attenuation regions.
Fig. 17(a) and (c) further demonstrate the effectiveness of vibration
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Fig. 17. Experimental validation for wave attenuation. (a) Measured output voltage at representative frequency points: peak (70 Hz) and valley (37 Hz). (b)
Transmittance curves obtained from FEM simulations and experiments for single, rubber-based, and ultra-wide SMs, showing ultra-wide SM achieves superior wave
suppression. (¢) Measured output voltage at representative frequency points: peak (165 Hz) and valley (214 Hz).
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suppression by comparing output signals with and without SMs at the
representative peak and valley frequencies. The ultra-wide SM produces
a pronounced reduction in vibration amplitude, validating its strong
potential for practical seismic wave attenuation.

4. Conclusions

This paper presents hierarchical seismic metamaterial (SM) designs
incorporating auxetic foams with negative Poisson’s ratio for ultra-low-
frequency and broadband seismic wave attenuation. For Lamb wave
suppression, the k(w) technique and finite element method are
employed. The resulting complex band structures reveal the presence of
evanescent modes, a downward shift in band gap frequencies, and
additional band gaps induced by multi-scale hierarchical resonances.
These features are verified by frequency-domain transmittance simula-
tions, which demonstrate consistent attenuation across multiple fre-
quency regions.

To mitigate surface waves, the SM configuration is designed by
embedding a square section into the NPR-based hierarchical unit cell.
This design induces a negative effective mass effect, resulting in
continuous and wide band gaps, entirely free of surface wave modes
within the sound cone. In the proposed design, low-frequency wave
suppression is primarily governed by the negative effective mass effect
associated with section height and stiffness, while the hierarchical to-
pology and NPR behavior play a critical role in enhancing attenuation
continuity and suppressing unwanted propagating modes. As a result,
broadband and robust seismic wave mitigation is achieved through the
combined contributions of these complementary mechanisms. Fre-
quency- and time-domain analyses confirm the effectiveness of this
ultra-wide SM in redirecting surface waves and converting them into
body waves, which dissipate energy into the surrounding soil. The
practical efficacy of the SM design is evaluated using real seismic input
records (El Centro and Taft) and a 10-story steel frame building situated
downstream of the seismic source, with the SMs embedded in the
intervening soil. Results show significant reductions in RMS acceleration
at the top floor, 90.93% and 84.12%, respectively, demonstrating the
effectiveness of the SMs in mitigating seismic impact. Furthermore, a
comprehensive parametric study identifies the key factors influencing
suppression performance, revealing that both geometric configuration
and spatial placement of SMs are critical for optimizing seismic pro-
tection. Finally, a laboratory-scale experiment is conducted to validate
the promising vibration suppression efficiency of the ultra-wide SM.

Overall, the hierarchical NPR-based SM design is assessed for both
Lamb and surface wave attenuation, providing a scalable and effective
strategy to enhance the seismic resilience of critical infrastructure.
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